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Supervised learning context

Step 1: Generate a design of experiments Step 2: Create the meshes

Zavy
am
P!

> Step 3: Finite-element solver

c characteristic mesh parameters
(curvature, cord length, --)
b boundary/external conditions
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Supervised learning context
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Supervised learning context
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Supervised learning context

Graphs
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1) Scalar outputs

1- Gaussian process regression
2- Graph kernels
3- SWWL graph kernel

I1) Signal outputs

1- Problem statement
2- Related approaches
3- TOS-GP

4- Experiments
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Regression
Objective: Learn f: X — R from a set of (noisy) observations D = {(x;,v;)}~,
RA

@ ftrain points
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Regression

Objective: Learn f: X — R from a set of (noisy) observations D = {(x;,v;)}~,
]RA
-- 7
@ ftrain points
N PR adiniN
* . 2 A 2 f’
f* e argmin > (v — ()" + 5 I I y
fex i=1 2 /s’
= ) . F—— - ’
Minimize a penalized loss function s, "
(e.g. quadratic) on the train set N /"
\\ 7
\.,!
.
X
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Gaussian process Regression
Objective: Learn f: X — R from a set of (noisy) observations D = {(x;,v;)}~,
IRA

@ ftrain points
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Gaussian process Regression

Objective: Learn f: X — R from a set of (noisy) observations D = {(x;,v;)}~,
IRA Prior IRA
— random samples @ (train points

- U
p+ 1.960

f~GP(u k) where k: X x X - Risa
symmetric positive definite kernel

o(x) = k(x,x)
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Gaussian process Regression

Objective: Learn f: X — R from a set of (noisy) observations D = {(x;,v;)}~,
IRA Prior RA Posterior
— random samples —— random samples

T - i
H*1.960 f+1.966
@ frain points

f~GP(u k) where k: X x X - Risa
symmetric positive definite kernel

o(x) = k(x,x) f1D~ gP(ﬁ' E)
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Gaussian process Regression

Objective: Learn f: X — R from a set of (noisy) observations D = {(x;,v;)}~,
IRA Posterior
Choice of the kernel k: X X X > R ? —— random samples
——
fi+1.965

@ frain points

When X = R%:
2
k(x,x") = e Mx=*'l" (RBF)

f1D~6P(k)
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Gaussian process Regression

Objective: Learn f: X — R from a set of (noisy) observations D = {(x;,v;)}~,
IRA Posterior
Choice of the kernel k: X X X > R ? —— random samples

- i
i+ 1.960
@ frain points

When X = G is a space of graphs:

k(v\',W)=? "Q' '@V\. > I fglx

f1D~6P(k)
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1) Scalar outputs

1- Gaussian process regression
2- Graph kernels
3- SWWL graph kernel

I1) Signal outputs

1- Problem statement
2- Related approaches
3- TOS-GP

4- Experiments
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What is a graph ?

[ € ]RS
Case 1: Case 2: Case 3:
Vertices + Edges  Vertices + Edges Vertices + Edges
+ Node labels + Node attributes
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|

What is a graph ?
€ R®

Case 3A: Fixed structure -> signal

Case 1: Case 2: Case 3:
Vertices + Edges  Vertices + Edges Vertices + Edges

+ Node labels + Node attributes

Case 3B: Fixed number of nodes

Y

Case 3C: Varying number of
nodes + structure + attributes
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Case 3A: Fixed structure -> signal

Case 1: Case 2: Case 3:
Vertices + Edges  Vertices + Edges Vertices + Edges

+ Node labels + Node attributes
I ) Case 3B: Fixed number of nodes

Y

What is a graph ?
[ A € ]Rs

Case 3C+: Varying number of :
nodes + structure + attributes Case 3C: Varying numb-er of
+ large-scale + sparse nodes + structure + attributes
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Graph kernels (1/3): Early attempts

Invariants / Topological descriptors

> V=6

Graph edit distance

+2
«—
G !

Complete graph invariants: equal for two graphs iif they are isomorphic
— (Gartner 2003) require exponential runtime

——EY
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Graph kernels (2/3): R-convolution framework

' / Nodes
GG = D > kpare(s,s)
SeS(G) s'es(G")
= S(G): set of parts/substructures of G Edges
* kpare: kernel between individual parts
Trees

Shortest Cycles
paths

~
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Graph kernels (3/3): checklist

Checklist:

v continuous node attributes

Node Node A
Graph Kernel Exp. ¢ Labels | Attributes Type Complexity
Vertex Histogram v v X R-convolution O(n)
Edge Histogram s v X R-convolution O(m)
Random Walk Fil v v R-convolution O(n?)
Subtree X 4 v R-convolution O(n24dea” p)
Cyclic Pattern 4 v X intersection O((c+ 2)n + 2m)
|Shortest Path X7 v V| R-convolution O(n?)
Graphlet v X X R-convolution C)(nk)
Weisfeiler-Lehman Subtree v v X R-convolution O(hm)
Neighborhood Hash v v X intersection O(hm)
Neighborhood Subgraph Pairwise Distance 4 v X R-convolution O(n?mlog(m))
Lovasz 9 v X X R-convolution | O(n(s+ “*) + 5?)
SVM-19 v X X R-convolution | O(n(s+ n?) + s?)
Ordered Decomposition DAGs v v X R-convolution O(nlogn)
Pyramid Match X 4 X assignment O(ndL)
Weisfeiler-Lehman Optimal Assignment X 4 X assignment O(hm)
Subgraph Matching X v v R-convolution O(knk+1)
GraphHopper X v v R-convolution O(n')
Graph Invariant Kernels X v v R-convolution O(nﬁ)
Propagation v v v R-convolution O(hm)
Multiscale Laplacian X v v R-convolution O(n®h)

[Nikolentzos et al., 2021]
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Graph kernels (3/3): checklist

Checklist:

v continuous node attributes

v" no relying heavily on the graph
structure

Node Node A
Graph Kernel Exp. ¢ Labels | Attributes Type Complexity
Vertex Histogram v v X R-convolution O(n)
Edge Histogram s v X R-convolution O(m)
IRandom Walk xt v v R-convolution O(n?)
Subtree X v v R-convolution O(n24dea” p)
Cyclic Pattern 4 v X intersection O((c+ 2)n + 2m)
Shortest Path Xt v v R-convolution O(n?)
Graphlet v X X R-convolution C)(nk)
Weisfeiler-Lehman Subtree v v X R-convolution O(hm)
Neighborhood Hash v v X intersection O(hm)
Neighborhood Subgraph Pairwise Distance 4 v X R-convolution O(n?mlog(m))
Lovasz 9 v X X R-convolution | O(n(s+ “*) + 5?)
SVM-19 v X X R-convolution | O(n(s+ n?) + s?)
Ordered Decomposition DAGs v v X R-convolution O(nlogn)
Pyramid Match X 4 X assignment O(ndL)
lWeisfei]er-Lehma,u Optimal Assignment X v XI assignment O(hm)
Subgraph Matching X v v R-convolution O(knk+1)
GraphHopper X v v R-convolution O(n')
Graph Invariant Kernels X v v R-convolution O(nﬁ)
Propagation v v v R-convolution O(hm)
Multiscale Laplacian X v v R-convolution O(n®h)

[Nikolentzos et al., 2021]
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Graph kernels (3/3): checklist

Checklist:

v continuous node attributes

v" no relying heavily on the graph
structure

v tractable

Node

Node

Graph Kernel Exp. ¢ Labels | Attributes Type Complexity
Vertex Histogram v v X R-convolution O(n)

Edge Histogram s v X R-convolution O(m)
Random Walk Xt v v R-convolution O(n?)
Subtree X v v R-convolution O(n24dea” p)
Cyclic Pattern 4 v X intersection O((c+ 2)n + 2m)
Shortest Path Xt v v R-convolution O(n?)
Graphlet v X X R-convolution C)(nk)
Weisfeiler-Lehman Subtree v v X R-convolution O(hm)
Neighborhood Hash v v X intersection O(hm)
Neighborhood Subgraph Pairwise Distance 4 v X R-convolution O(n?mlog(m))
Lovasz 9 v X X R-convolution | O(n(s+ “*) + 5?)
SVM-19 v X X R-convolution | O(n(s+ n?) + s?)
Ordered Decomposition DAGs v v X R-convolution O(nlogn)
Pyramid Match X 4 X assignment O(ndL)
IWeisfei]er-Lehma,u Optimal Assignment X 4 XI assignment O(hm)
Subgraph Matching X v v R-convolution O(knk+1)
GraphHopper X v v R-convolution O(n')
Graph Invariant Kernels X v v R-convolution O(nﬁ)
IPropagation v v /I R-convolution O(hm)
Multiscale Laplacian X v v R-convolution O(n®h)

[Nikolentzos et al., 2021]
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Graph kernels (3/3): checklist

Checklist:

v continuous node attributes

v" no relying heavily on the graph
structure

v tractable

v positive definite

Node Node A
Graph Kernel Exp. ¢ Labels | Attributes Type Complexity
Vertex Histogram v v X R-convolution O(n)
Edge Histogram s v X R-convolution O(m)
Random Walk Xt v v R-convolution O(n?)
Subtree X v v R-convolution O(n24dea” p)
Cyclic Pattern 4 v X intersection O((c+ 2)n + 2m)
Shortest Path Xt v v R-convolution O(n?)
Graphlet v X X R-convolution C)(nk)
Weisfeiler-Lehman Subtree v v X R-convolution O(hm)
Neighborhood Hash v v X intersection O(hm)
Neighborhood Subgraph Pairwise Distance 4 v X R-convolution O(n?mlog(m))
Lovasz 9 v X X R-convolution | O(n(s+ “*) + 5?)
SVM-19 v X X R-convolution | O(n(s+ n?) + s?)
Ordered Decomposition DAGs v v X R-convolution O(nlogn)
Pyramid Match X 4 X assignment O(ndL)
Weisfeiler-Lehman Optimal Assignment X 4 X assignment O(hm)
Subgraph Matching X v v R-convolution O(knk+1)
GraphHopper X v v R-convolution O(n')
Graph Invariant Kernels X v v R-convolution O(nﬁ)
|Pr0pagati0n v v /l R-convolution O(hm)
Multiscale Laplacian X v v R-convolution O(n®h)

[Nikolentzos et al., 2021]
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1) Scalar outputs

1- Gaussian process regression
2- Graph kernels
3- SWWL graph kernel

I1) Signal outputs

1- Problem statement
2- Related approaches
3- TOS-GP

4- Experiments
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Sliced Wasserstein Weisfeiler-Lehman graph kernels

[CP, Da Veiga, Garnier, Staber, 2024]

G ....
[ ] E¢
[ ]

Embeddings of
the graphs

2

Build a positive
definite kernel
between empirical
measures
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Weisfeiler-Lehman embeddings

[

Example from [Kriege et al., 2020]
= WL relabeling (categorical case)

D E !
y’ 5t LA
B—® (D \@
@ _ —_—
)\f (4 $ (O @ < @
C ! C Ff o] G
C G
| () = Hash(l' (), {1'@) , u € N ()])
Xg) = [1Dw),v € V] X = Concatenate(XGO), ---,X((;H))
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Continuous Weisfeiler-Lehman embeddings

[Togninalli et al., 2019]
= WL relabeling (continuous case)

. 1 . 1 .
a V) == aD @) + z w(v,u) a® (w)
2 deg(v)
. _ UEN (v)
Xc(;l) = [a(l) (v),v € Vg] X; = Concatenate(X(O), ---,X((;H))
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Sliced Wasserstein Weisfeiler-

[CP, Da Veiga, Garnier, Staber, 2024]

Lehman graph kernels

Embeddings of 2 Build a positive
the graphs definite kernel
between empirical
c ® . measures
", ° i=0  Zo={4,B)}
o Eg @ @
° @
@D
=1
V\. ® B,AB  B,AAB
G' ® e PR
e r, O O
©
© ©

Continuous WL
embeddings
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Wasserstein distance

[

W2(u,v) = _inf j lx = ylI2dy (x, ),
yE(u,v)
RSXRS

Where:

- 5 € [1, +00),

- P, (R?®): probability measures on R® with finite moments of
order 2,

-, v) = {m € P(R* X R®): (Proji)yr = 1, (Proj2)yn = v}

x 0(n3log(n))
% Substitution kernels are not positive definite in dimension s > 2
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Sliced Wasserstein distance

[Bonneel et al. 2015]

W) = [ WO, 05)d0(0)
Ss—l

Where:

- §571: (s — 1)-dimensional unit sphere,
- 0 : uniform distribution on §~1

- B4u : push-forward measure of u € P,(R%) by 9*( R*> R )

x - (6,x)

v Complexity: scales as n log(n)
v Positive definite substitution kernels
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Sliced Wasserstein distance

[Bonneel et al. 2015]

1
W2 O3 059) = [1F7 G0 = F )P de
0 \ Quantile
Where: function
- §571: (s — 1)-dimensional unit sphere,
- ¢ : uniform distribution on $571

- B4u : push-forward measure of u € P,(R%) by 9*( R*> R )

x - (6,x)

v Complexity: scales as n log(n)
v Positive definite substitution kernels
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Estimation of the Sliced Wasserstein distance (1/2)

o
1) Monte Carlo samples for the projections P projections 64, -, 6p
P
SW2(u,v) = j W2(6;u,0;v)do(0) SW2(u,v) = %Z w? ((9;)#;1, (95)#1/)
§5—1 p=1
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Estimation of the Sliced Wasserstein distance (2/2)

[

2) Fixed quantiles

A) If y and v have the
same support size

B) If u and v have different

() quantile levels

support sizes common to all inputs
;/’\}3/ \/'m\\
Mot gt 1*‘ . *%\‘
N/

n n'

1 1

K= RO V=)
i=1 i=1

1 Q Approximation with
r !
W2(u,v) = 0 E [x@) =y Q < max(n,n)
= N~ quantiles
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Sliced Wasserstein Weisfeiler Lehman (SWWL)

[CP, Da Veiga, Garnier, Staber, 2024]

n
1
Ug: = MZ(EG)i : continuous WL embedding of G
i=1

keww(G,G") = o~ ASW?(ug.ngr) Distance substitution kernel

P 0
. 1 0 012 0p
SWy ke, Hgr) = ﬁz Z |”qp —u q| = IUg = Ugrl2 where u,” = <9P’EG)(q)

p=1g=1 0 0 6 6
\ UG = [u11,...,quj...,ulp’...’uQP]
Embeddings in RP¢
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Sliced Wasserstein Weisfeiler Lehman (SWWL)

--------------------------------------------

1 2 ® 3
o ~ o o] o o ® o O 5 ®
G o} ® : o 0 ¢
® : o ® o
o Ec : H
o O0m + 0O + 003 o
* "":
! ‘ ]
G () ) [
) E,
11 WL iterations 2| Projected Quantile Embeddings 3 | RBF kernel

* Steps 1 and 2 can be done separately for each input graph
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Sliced Wasserstein Weisfeiler Lehman (SWWL)

o

P
—— 1
SWE (g igr) = EZ

[ S

WL iterations  Projected Quantile

Embeddings

[CP, Da Veiga, Garnier, Staber, 2024]

O g BN i
whereiu,” = (Hp,EG)(q) |
:UG e [ufll...,ugll...,ufp’... eP]i

N: number of graphs
n: average number of nodes

————————

N2PQ) 8 average degree
Lommmo P: number of projections
RBF kernel Q: number of quantiles

H: number of WL iterations
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Sliced Wasserstein Weisfeiler-Lehman graph kernels

CP, Da Veiga, Garnier, Staber, 2024 . . -
[ aVeiga, Garnier, Staber, 2024] Embeddings of 2 Build a positive
the graphs definite kernel

between empirical

c ° measures

@ ° o i=0 ZOZ{A,B} o9

o Eg @ @ .
. @ P

@D @

=0

b AT 1
) - B,AB  B,AAB
G' ® ® P
AB
e £, (D)—E)

v" Complexity: scales as n log(n)
v" Positive definite substitution kernels

Continuous WL
embeddings

Sliced Wasserstein
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1) Scalar outputs

1- Gaussian process regression
2- Graph kernels
3- SWWL graph kernel

Il) Signal outputs

1- Problem statement
2- Related approaches
3- TOS-GP

4- Experiments
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Learning output fields/signals

[

Learn f : X -7 from a train dataset D = {(x(i)’y(i))}i=1,~-,N

-~ ™
IEe

- <

d

x=(V,E.w,F)EX

0 | ) Q
AN PN
I Y I ! A )
! A v

&-...

O -0 \
A I

o N\ PTe N\
__.-"_O
‘-\. A

LS

-
It

{y:V - R}
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Learning output fields/signals

[

Learn f : X -7 from a train dataset D = {(x(i)’y(i))}i=1,~-,N

. . C 8o L o a0
x Inputs can have different sizes, ;N AN Q— \
so do the outputs | C')r{'}o ‘-5' N
= No natural ordering of the < @ 5] g >
output scalar elements P .‘E_,__o\ o
x The number of output & SN #
elements can be very large N - $ \‘o/ - T

O

v=|J ov-m
x=(V,E.w,F)EX
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1) Scalar outputs

1- Gaussian process regression
2- Graph kernels
3- SWWL graph kernel

Il) Signal outputs

1- Problem statement
2- Related approaches
3- TOS-GP

4- Experiments
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Related approaches

W,

Graph Neural Networks
Slgnal prediction [Pfaff, 2020]

X No uncertainties

X Training time
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Related approaches

Yl N

Graph Neural Networks Multi/Functional Output GPs
Slgnal prediction [Pfaff, 2020] X No ordering of the output elements

X No uncertainties X Varying domains [Goovaerts, 1997]

X Training time
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—_—n

Related approaches

et N /><

Graph Neural Networks Multi/Functional Output GPs Dimension reduction
Slgnal prediction [Pfaff, 2020] X No ordering of the output elements X No ordering of the output elements
X No uncertainties X Varying domains [Goovaerts, 1997] [Kontolati, 2022]

X Training time
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Related approaches

W,

Graph Neural Networks Multi/Functional Output GPs Dimension reduction
Slgnal prediction [Pfaff, 2020] X No ordering of the output elements X No ordering of the output elements
X No uncertainties X Varying domains [Goovaerts, 1997] [Kontolati, 2022]

X Training time

S

/7 eigenvalue, ™ smoothness
Graph signal processing [Ortega, 2018]
X |ncomparable eigendecompositions
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Related approaches

W,

PC2 );/PC1
X
}/y/x

Graph Neural Networks Multi/Functional Output GPs Dimension reduction
Slgnal prediction [Pfaff, 2020] X No ordering of the output elements X No ordering of the output elements
X No uncertainties X Varying domains [Goovaerts, 1997] [Kontolati, 2022]

X Training time | o t
N ;a Morphmg y \ Inite elemen

i %{ W i \ W 4 wmatlon

7 eigenvalue, N smoothness” Mesh Morphing Gaussian Processes

Graph signal processing [Ortega, 2018] v/ Prediction + uncertainties [Casenave, 2024]
X |ncomparable eigendecompositions

X Specific to meshes + same topology
S SAFRAN



1) Scalar outputs

1- Gaussian process regression
2- Graph kernels
3- SWWL graph kernel

Il) Signal outputs

1- Problem statement
2- Related approaches
3- TOS-GP

4- Experiments
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Express signals/fields in the same space?

Transformed Outputs

Outputs

Inputs

|
|
|
|
|
|
|
b I I
|
lo o o @ 0 O @ 0o O
|
j® o e @ o O @ 0 O
“000 @ O o e © o
£
o
gy
— (%)
c
©
T
o o ° o ° o
le) ®@ O
o ° e 0 O @ O
o
e ©O
o ° e o ° °
e 9 Q L} 4
I | R %ﬁ A /i
ST (0 SRR R
ISR 1Y 1 1/ I
& e & § %

Same size + order
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Wasserstein distance

B
W2(uv) = inf j Ix — yli2dy (x, ),
yE(u,v)
RSXRS
Where:
- 5 € [1, +00),

- P, (R?®): probability measures on R® with finite moments of
order 2,

-, v) = {m € P(R* X R®): (Proji)yr = 1, (Proj2)yn = v}
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Wasserstein distance

[
ah
W?(u,v) = min (CH*V, P) Transport plan
PeU(n,n’) \

Cost matrix

Where: & &

=)0 V=)o

i=1 i=1

_Un,n') = {P € RIX™:Ply =21,,Pl, = i1n,}
2
- CHY = [||xi — 7] ]

i=1..n,j=1.ns

® =

<
@ ——

~2
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Wasserstein distance

[

[Peyre & Cuturi, 2019] 1- Without regularization
A=0

W2(u,v) = Pe%n,)(cw ,PY—AH(P), 1>0 ﬂ /::

Entropic regularization

Ly(1,v,P) = (C*,P ) — AH(P) Py
Py = argmin Ly(uv,P)! 2- With regularization
I_ R _P_ELL(ETL’_) ______ A>0
Smoothed transport plan e
I 25
I I x
: I
v Smoothing of the transport plans Lo
P

v Sinkhorn: 0(n? log(n))
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Transferring fields with transport plans

Hres: reference measure of size n,..¢

1 . . _
;= n—lz 5[¢WL(G(i))]j : WL embeddings of input graph i
j=1

Pl(i) = argmin  Ly(W, pres, P) € R Mref
pPe U(ni,nref)

S SAFRAN



Transferring fields with transport plans

Hres: reference measure of size n,..¢

1 o | | |
Y = n—lz 5[¢WL(G(i))]j : WL embeddings of input graph i
j=1
Pl(i) = argmin LA(#i:.uref,P) € RMXNref

Pe U(njnyef)

. NT
TO = (nrefP)f‘)) y® g RMref Transferred field
O = (niP)f i)) T® € R™ Reconstructed field

S SAFRAN



How to choose the regularization parameter ?

True Reconstructed
e o (o) (<) (o] o ] (] (<) (]
(<) (o)
@ O *--=== > @ O *-=—-= >
(o) (o)
e o oSquared e o O ° o Sunared. o
rror

Transferred

Choose 4 > 0 that minimizes the error (RRMSE) between

- the train output fields and

- the train reconstructed fields
S SAFRAN



How to choose a reference measure ?

1) Optimal transport barycenter:

I :.}:.: ceelece

Barycenter of all train measures

S SAFRAN



How to choose a reference measure ?

1) Optimal transport barycenter:

I :.}:.: ceelece

Barycenter of all train measures

Discretizations of manifolds

§ SAFRAN



How to choose a reference measure ?

2) Subsample from a train measure:

* @ o @ ® L]
..... e °
o 00 —> ®
..... e @
® @ o o L L]
One train measure subsampled

3) Uniform grid on a reference shape:

S SAFRAN



Express signals/fields in the same space?

Inputs Outputs Transformed Outputs
«--q--9 e © o e o O

N g /

! = DT

- ° o [
RARWIAN —> <+“—>
& --&--» e o © e o o Size Nyef Size Q

1 2

S e e o o ° °

‘\__*

O o /U~ - mmo —/\/|/| > =o

- o
o----9 o o o © o o Red

Transform Reduce
dimension

&« ----—-8 ° ° ° °

~ s .

Y = |  EE EN [N

L
&-—--= » ° o ° o

S SAFRAN



Dimension reduction (in practice)

[Kontolati 2022]

T=(TD,... TMN)) g€ RNXMref T =T centered

~T'T = EDiag(Ay, -, Ag)ET
Ay < -+ < Aq - eigenvalues
E € R™er*¢: eigenvectors

»
» >

PCA component 1

Q first PCA coefficients: € = TE € RV*?
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TOS-GP: Transported Output Signal Gaussian Processes
[CP, Da Veiga, Garnier, Staber, 2025]
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TOS-GP: Transported Output Signal Gaussian Processes
[CP, Da Veiga, Garnier, Staber, 2025]
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TOS-GP: Transported Output Signal Gaussian Processes
[CP, Da Veiga, Garnier, Staber, 2025]
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TOS-GP: Transported Output Signal Gaussian Processes
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[CP, Da Veiga, Garnier, Staber, 2025]

Transport plans Transferred fields

Outputs
«-%--9 e o © ° )
,:h"-: oo y® ) y®) e o O
&--o--» e o © ° o ® o
Hq (1) e o o e @ O
.« »
~me” [ ] [ ] [ ] [ ] (-]
A / e @ o e o o °
e o ofTW o o oTWM ° o o
e o o e o o y@)

S SAFRAN



TOS-GP: Transported Output Signal Gaussian Processes

Train =——» ¢
e o oy >
TeSt # o o ®
Reference
t —
Inputs Measures
R
K :’q"_:«\
-
' & e
’ld
A
-2 »
x ™) Hy

\ 4

[CP, Da Veiga, Garnier, Staber, 2025]

Transport plans Transferred fields

o«—-o--9 o o o o o Outputs
\\h'r-\‘ e o o (1) y(N) ° ° o
/7 \”r AN y @ 0

€—-o--d e o o© ° ©

Uy e o o e o O
p e
i e o o —> — B
&= »
~me” [ ] [ ] [ ] (-] (]
’ / e e O e o o °
€Y (~) o
e o of e o ol ° o
e o o e o o y@)
Independent Gaussian processes . )
bch ! beA a Dimension
component i component reduct|on
X
X
wXx % x

S SAFRAN



TOS-GP: Transported Output Signal Gaussian Processes
[CP, Da Veiga, Garnier, Staber, 2025]
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TOS-GP: Transported Output Signal Gaussian Processes

Train =—> ¢ e
® ® .luref
Test ——p e o o ——
Reference
Inputs Measures —
R
K :’q"_:«\
-3
xfl) #.1
: > .«
’ld
A
== »

Transport plans

q-‘__l \--/’
lh’\-: .\
&--o--»
Hq p ) e o o
2
e o o

Independent Gaussian processes

PCA component 1

PCA component Q

/

Transferred fields

e o o
eo y®
e ©
e o
o oT@
e o

°
y(N)
o

e o

o oTW

o o

[CP, Da Veiga, Garnier, Staber, 2025]

Outputs

Dimension
reduction

S SAFRAN



TOS-GP: Transported Output Signal Gaussian Processes
[CP, Da Veiga, Garnier, Staber, 2025]
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TOS-GP: Transported Output Signal Gaussian Processes
[CP, Da Veiga, Garnier, Staber, 2025]
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1) Scalar outputs

1- Gaussian process regression
2- Graph kernels
3- SWWL graph kernel

Il) Signal outputs

1- Problem statement
2- Related approaches
3- TOS-GP

4- Experiments
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Datasets

Dataset name Train/Test Nodes Output fields
Rotor37 1000 / 200 ~30000 B |
)‘. Temperature
|
Tensile2d 500 / 200 ~9500 == I ‘
H displacement Shear stress
(U) (012)
Multiscale 764 / 376 ~4600 |
: H displacement
' l (U)
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TOS-GP: regression scores

Tensile2d(U) , A = 1le~3

0.08
0.07
0.06
0.05

0.04

RRMSE;

0.01

i I

100 200 500 1000 2000 4000 8000
reference size

0.04

reference

[0 Small .

O Medium EE
Large E

@ Square ﬁ 0.0

0.03

o

—_

Tensile2d(U) , reference = Large

O 1e2
O 1e3
O 1e#

LR R

500 1000 2000 4000 8000

reference size

- The error decreases when the size of the reference

increases

- It remains close to a constant beyond 1000 points
- The choice of the reference type has little importance

for this problem

- The choice of the regularization parameter is critical
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TOS-GP: uncertainty propagation (field 5,,)

1.6e+02

al

—0

l -1.6e+02

3.5e+01

|

Ground truth

]
------

[ 1.6e+02

—0

l -1.6e+02
I 2.2e+01

1 | .
|-18€:+01
Prediction
(transferred
space)

Posterior std
(transferred
space)

1.9e-05

2.3e-01

2.9e-05

2.6e-05

Posterior std
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TOS-GP: predictions and uncertainties

l 2.9e-05

S SAFRAN

Ground truth Prediction Absolute error Posterior std



TOS-GP: regression scores

Method/Dataset Rotor37(T) Tensile2d(U) Tensile2d(oi2)

GCNN
10
(10 exp) MON
MMGP

9.6e-3 (2e-5) 2.2e-3 (8e-6)
3.9¢-3 (le-4) 4.5e-2 (le-2)
1.4e-2 (2e-3) 1.5e-2 (1e-3)
8.2e-4 (le-5) 3.4e-3 (4e-5)

5.6e-3 (3e-6)
4.5e-2 (4e-3)
7.5¢-3 (4e-4)
2.4e-3 (2e-5)

RrMSE? (B, O),

. 2
ly® =51,

RRMSE? (y®W,9W) =

0. y(i)||i

*1

N,
1 N
)=, st 5°)

S SAFRAN



Varying topologies: 2D_multiscale_hyperelasticity

Regression model Dimension reduction

X N

PC2 Wavelets

X
Kernel PCA
SWWL, WWL, Propagation, FGW, ... Auto-encoder
Squared-exp using the MMD distance Auto-encoder with convolutional
between the centers of the pores and 2D discrete Fourier layers [Liet al. 2020]
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Varying topologies: 2D_multiscale_hyperelasticity

(transferred space)
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Varymg topologies: 2D _multiscale hyperelastlaty
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Varying topologies: 2D_multiscale_hyperelasticity
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Conclusion

= SWWL graph kernel
v Positive definite
v" Can consider very large graphs

= Classical techniques impossible to use directly
MOGP, OVGP, GSP, dimension reduction, ...

= TOS-GP: Transported Output Signal GP
Optimal transport + Dimension reduction
v Flexible (change kernel/dimension reduction)
v"No assumption on the data (mesh/topology)
v Few hyperparameters: A, ref. measure, WL iter.

Ra Posterior

random samples
-—
=21
@ train points

= Future work
Consider more discontinuous signals
Optimal transport variants
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Gaussian process regression

Noisy observations:
y= )N, withy; = £(G)) + €; where
e,~N(0,02), f: X >R

Gaussian prior over functions:

f~GP(0,k)wherek:GxG— Risa
symmetric positive definite kernel

= X =G is asetof graphs.

= How to choose k?

k(v\‘,%/);?

Test locations:
G" = (Gi*)liv=1 .
Predictions? f, = (f(G;)N,?

K K., K, :train, test, train/test Gram
matrices

Fl-> (037" K

Posterior distribution:
fi1Gy G ~N(@nX)
m=K,(K+c¢?D 'y

predictive mean

uncertainties =K. —K.(K+c*)7'KT
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SWWL kernel: experiments

@ right vertex
@ left vertex
® tail vertex \
@ depth vertex

(@) Cuneiform tablet (b) Graph representation
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MMD subsampling procedure

Maximum mean discrepancy:

MMDk(u, V) = Ex~u,x'~u [k(X, x’)] +IEy~v,y'~v [k(y; Y')] - 21Ex~u,y~v[k(xr y)]

Input: u a given measure in the train set. Y
. o 0%
Output: v the subsampled measure. A
(N 1/
000g 0
v= 0 U
At each iteration, choose the point x in the
support of u that minimizes the MMD Gefiaw Gooe 0 .0:0
between u and v + §,, and update v. PO oi . ee.
e:0: 0
1%
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