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1 Introduction

Nonlinear elliptic problems
For d € N, let Q € R? be an open and bounded polytope. Let u € H3(Q)
solve the nonlinear elliptic operator equation: for R : H}(Q) — H~1(Q),

(R(u),0) =0 Vo€ H)(RQ).
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1 Introduction

Nonlinear elliptic problems
For d € N, let Q € R? be an open and bounded polytope. Let u € H3(Q)
solve the nonlinear elliptic operator equation: for R : H3(2) — H~1(%),

(R(u),p) =0 Y€ H(Q).

Assumption 1 R is monotone & Lipschitz*
For a numerical approximation uy € H&(Q), and constants Ay > Ay, > 0,

R - R
Am dist(ug, u) < sup (Riuz) (), ) < A dist(ug, ).
pEHL(Q) Vel
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Nonlinear elliptic problems
For d € N, let Q € R? be an open and bounded polytope. Let u € H3(Q)
solve the nonlinear elliptic operator equation: for R : H3(Q2) — H~1(%),

(R(u),0) =0 Vg€ Hy(Q).

Assumption 1 R is monotone & Lipschitz*
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1

Introduction

Nonlinear elliptic problems

For d € N, let Q € R? be an open and bounded polytope. Let u € H3(Q)
solve the nonlinear elliptic operator equation: for R : H3(Q2) — H~1(%),

(R(u),9) =0 Yo H(Q).

Assumption 1 R is monotone & Lipschitz*
For a numerical approximation uy € H&(Q), and constants Ay > A, > 0,
Am dist(ug, u) < [|R(ue) || H-1(0) < Am dist(ug, u).

The strength of the nonlinearity is measued by \yi/ A\

Then the estimate [Chaillou & Suri (2006), Kim (2007), Houston et al
(2008), Garau et al (2011),...],

Am dist(ug, u) < n(ue) < Chy dist(uy, u)

is not robust with respect to Ani/Am fWO



1 Dual norm of the residual estimate \

Reliable, and locally efficient a posteriori error estimates robust with
respect to the strength of the nonlinearity \y;/\,,

R (ue)llh-1(0) < n(ue) < CIR(ue)lH-1(0)

[Chaillou & Suri (2006), El Alaoui et al (2011), Ern & Vohralik (2013),
Blechta et al (2018)]
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1 Dual norm of the residual estimate \

Reliable, and locally efficient a posteriori error estimates robust with
respect to the strength of the nonlinearity \y;/\,,

R (ue)llh-1(0) < n(ue) < CIR(ue)lH-1(0)

[Chaillou & Suri (2006), El Alaoui et al (2011), Ern & Vohralik (2013),
Blechta et al (2018)]

» The dual norm of the residual might be too weak an error measure
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1 A linear example |4
Consider the diffusion eq: (R(u),¢) := (f,¢) — (DVu,Vy) =0.
Let A |y|? < yTDy < Ay |y)?, for all y € RY.
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1 A linear example |4

Consider the diffusion eq: (R(u),¢) := (f,¢) — (DVu, V) =0.
Let A\ ly]? < yTDy < M yl? forall y € RY. If up € V, C HY(Q) is the
FE solution of the problem then Cea's lemma gives

| V(pg € Vg.

IV (u = ue)l| < 341V(u — @)
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1 A linear example |4

Consider the diffusion eq: (R(u), ) := (f,») — (DVu, V) =0.

Let A |y|2 < yTDy < My |yf? forall y € RY. If uy € V, C H}(Q) is the
FE solution of the problem then Cea's lemma gives

IV(u— ue)| < 22IV(u— o)l Veor € Ve

In this case || R(ug)|/t-1(q) can be estimated robustly, but might be too
weak an error measure.

A [V (u = ue)l| < [R(ue)ll 1@y < Al V(e — up)l]-
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1 A linear example |4

Consider the diffusion eq: (R(u),¢) := (f,¢) — (DVu, V) =0.
Let A\ ly]? < yTDy < M yl? forall y € RY. If up € V, C HY(Q) is the
FE solution of the problem then Cea's lemma gives

| Vgﬁg € Vg.

IV (u = ue)l| < 341V(u — @)

m

In this case ||R(ug)|[1-1(q) can be estimated robustly, but might be too

weak an error measure.

However, defining the energy norm |||, , = | D2 V)| one has

e = wellly p < lllu = ellly o, Vor € Ve
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1 A linear example |4

Consider the diffusion eq: (R(u),¢) := (f,¢) — (DVu,Vy) =0.
Let A\ ly]? < yTDy < M yl? forall y € RY. If up € V, C HY(Q) is the
FE solution of the problem then Cea's lemma gives

V(u—gdll Vo€ Ve

IV (u = up)|| < 3%

In this case ||R(ug)|[1-1(q) can be estimated robustly, but might be too
weak an error measure.

However, defining the energy norm |||, , = | D2 V)| one has

e = wellly p < lllu = ellly o, Vor € Ve

This motivates rather the error measure

IRl p = sup Soleh)

= [lu = well
peHL(Q) lell1,p nP

which also results in robust estimates
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1 Moving to the nonlinear case 5

Example (nonlinear diffusion): (R(u), ¢) := (f,¢) — (D(u)Vu, V) = 0.
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1 Moving to the nonlinear case 5

Example (nonlinear diffusion): (R(u), ¢) := (f,¢) — (D(u)Vu, V) = 0.

Then [|R(-)Ill _; p(y) cannot be defined since u € Hy(Q2) is unknown.
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1 Moving to the nonlinear case B

Example (nonlinear diffusion): (R(u), @) := (f,¢) — (D(u)Vu, Vy) = 0.
Linearization iterations

We generally solve nonlinear equations by linearization iterations, i.e., by
finding a sequence {u}}ien C Vi C H3 ().
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1 Moving to the nonlinear case B

Example (nonlinear diffusion): (R(u), @) := (f,¢) — (D(u)Vu, Vy) = 0.

Linearization iterations
We generally solve nonlinear equations by linearization iterations, i.e., by

finding a sequence {u}}ieny C Vi C H3(Q).
Example (Fixed point iteration) For each i € N and uj € V/, let
u, ™t € Vi solve (D(u))Vu,™, Vir) = (f, ) for all g, € V.
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1 Moving to the nonlinear case B

Example (nonlinear diffusion): (R(u), ¢) := (f,¢) — (D(u)Vu, V) = 0.

Linearization iterations
We generally solve nonlinear equations by linearization iterations, i.e., by

finding a sequence {u}}ien C Vi C H3 ().

Example (Fixed point iteration) For each i € N and uj € V/, let

u, ™t € Vi solve (D(u))Vu,™, Vir) = (f, ) for all g, € V.

This is the FE approximation of uézl € H} () solving the linear problem

(f,9) = (D(u)Vu, Vo) =0 Vo € Ho(Q).

“lin

(RUL(ui5Y), ) =
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1 Moving to the nonlinear case
Example (nonlinear diffusion): (R(u), ¢) := (f,¢) — (D(u)Vu, V) = 0.

Linearization iterations
We generally solve nonlinear equations by linearization iterations, i.e., by
finding a sequence {u}}ien C Vi C H3 ().

Example (Fixed point iteration) For each i € N and uj € V/, let

u, ™t € Vi solve (D(u))Vu,™, Vir) = (f, ) for all g, € V.
This is the FE approximation of uézl € H} () solving the linear problem

(R (Ui, @) = (F.p) — (D)) VUil V) =0 Yo € HY(Q).
Then defining the iteration-dependent energy norm
el = I1D(u))? Vel for ¢ € H3(Q),
Sl st = suPgerpays- @/ llelly o for s € HH(Q),
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1 Moving to the nonlinear case B

Example (nonlinear diffusion): (R(u), ¢) := (f,¢) — (D(u)Vu, V) = 0.

Linearization iterations
We generally solve nonlinear equations by linearization iterations, i.e., by
finding a sequence {u}}ien C Vi C H3 ().
Example (Fixed point iteration) For each i € N and uj € V/, let
u, ™t € Vi solve (D(u))Vu,™, Vir) = (f, ) for all g, € V.
Th|s is the FE approximation of uézl € H} () solving the linear problem
(REL (Y, @) = (F,0) — (D(u))Vulf!, V) =0 W € H)(Q).
Then defining the iteration-dependent energy norm
{Ilwlll,u; = [1D(u}) V| for ¢ € H3(Q),
<l 1.y, = suppernoy (s @)/llelly,,  for s € HA(Q),
we have (under conditions) robust estimates of

/+l i+1 i+l
IRicall,,, =l - v

lin
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1 Moving to the nonlinear case B
Example (nonlinear diffusion): (R(u), ¢) := (f,¢) — (D(u)Vu, V¢) = 0.
Linearization iterations

We generally solve nonlinear equations by linearization iterations, i.e., by
finding a sequence {u}}ien C Vi C H3(9Q).

Example (Fixed point iteration) For each i € N and u € V,, let

uytt € Vg solve (D(u})Vultt, Viy) = (f, ¢0) for all o € V.
Th|s is the FE approximation of u’+1 € H() solving the linear problem

(RIL (Ui, @) = (F.0) = (D(u)) VUi, V) =0 Vi € HY(Q).
Noting that
(RiL (), ) = —(D(u)V(uf! — uf), Vig) + (R(uf), )

lin

can we provide a robust estimate for |HR(u2)|H_1 gt
Uy
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2 Outline |6

® Main analytical results
Decomposition of error
A posteriori error estimates
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2 An orthogonal decomposition result

Theorem 1 Decomposition of the total error
Under Assumption 1, provided that the linearization iterations

{u}}ien C Vi are generated by FE approximations of ué@ € H}(Q) solving

(R (uY), ) = —£(ujs ull' — uj 0) + (R(u)), ) =0 Vo € Hy(Q)

and / > 0, for a symmetric, bounded, coercive, bilinear form S(ué, ),

fwo



2 An orthogonal decomposition result

Theorem 1 Decomposition of the total error
Under Assumption 1, provided that the linearization iterations

{u}}ien C Vi are generated by FE approximations of Ué@ € H}(9Q) solving

('R,ﬁ:}l(uézl), @) = —L(up; uégl —up o)+ (R(up), ) =0 VY € H(Q)

and i > 0, for a symmetric, bounded, coercive, bilinear form E(ué, ),

Remark We would consider £ : H}(Q) x H}(Q2) — R corresponding to
linear reaction-diffusion problems, i.e,

£(ub; v, w) == (L(x, u)) v, w) + (a(x, u)) Vv, Vw).

N—— N——
known ipnown fwo

reaction coeff.



2 An orthogonal decomposition result

Theorem 1 Decomposition of the total error
Under Assumption 1, provided that the linearization iterations

{u}}ien C Vi are generated by FE approximations of ué@ € H}(Q) solving

(R (uY), ) = —£(ujs ull' — uj 0) + (R(u)), ) =0 Vo € Hy(Q)

and i > 0, for a symmetric, bounded, coercive, bilinear form £(u},-,), and

' 1 {s, )
|||<P|||1,ui = L(up; 0, 0)?, |||§|||,1’ur' ‘= sup ,
« e N T
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2 An orthogonal decomposition result 6

Theorem 1 Decomposition of the total error

Under Assumption 1, provided that the linearization iterations
{u}}i=0 C V; are generated by FE approximations of uéa € H}(9Q) solving

(Ui, 0) = —Llups ! — o) + (R(u)), ) =0 Ve € H(Q)

(R (v

lin

and i > 0, for a symmetric, bounded, coercive, bilinear form S(UZ', -,-), and

; 1 <<¢>
elly i == L(ugi s 0)7,  lsll—y, == sup
bt B B eni@) Mol
we have
Uy (it +1 i1]12
IR, = [[REWED|,, e = il
—_——
total error discretization error of Iine:rrirz;tion

the linerization step
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2 An orthogonal decomposition result 6

Theorem 1 Decomposition of the total error

Under Assumption 1, provided that the linearization iterations
{u}}i=0 C V; are generated by FE approximations of uéa € H}(9Q) solving

(Ui, 0) = —Llups ! — o) + (R(u)), ) =0 Ve € H(Q)

(R (v

lin

and i > 0, for a symmetric, bounded, coercive, bilinear form E(UZ', -,-), and

~ 1 (s, so>
llolly,; == Llugio, )7, lsll_y,; == sup
b B B eni@) Mol
we have
P12
|HR(UZ)|H—1,U - ‘ lm H‘ + ‘HuH_1 - UIQH}I.UL :
—_———
total error discretization error of Iine:rrirz;tion

the linerization step

—_——

o=t I s =1, fwo

Up=Uipy L Uigy ~Ue




2 An orthogonal decomposition result |7

Proof: Since ujt! — ué €V,

iy|]]2 o i+1 :+1 i+1 i+1
HIR(W)IH_LU;— b=l = ek = o)+ ™ = ughl,
o i+1 i+1 il /+1 i+1 i1
= |lluie - +|Hu el +2L0ubsuy — i e - )

uf i+1
Rli‘u(u? )

2 i . =0, due to Galerkin orthogonality
! 1
i = i
R el

fwo



2 An orthogonal decomposition result K

Proof: Since u;™ — uj € V,,

iy|]]2 o i+1 :+1 i+1 i+1y (]2
IR, —! = iy Iy 4y = NCu = ™) + (™ = wigD I,
o i+1 i+1 il :+1 i+1 i1 i
= |lluie - +|Hu — ey, +2L0uks vy — i v —ufz)

=0, due to Galerkin orthogonality
u ,' ‘

I+1_ IH‘
i - i,

» The linerization error is computed directly, we define

™

T]liin,ﬂ - uéml,u;'
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2 An orthogonal decomposition result K

Proof: Since u;™ — uj € V,,
_ i :+1|| 2 H| _ :+1 i+l :+1 H
IR, ,, = H|w ey Iy = [l o = ™) + (uz
= ‘Hu/&f)l = + |Hul+1 + ZQ(UZ I+1 u2+1 u2+1 Uzlz)
i 2 2 q =0, due to Galerkin orthogonality
. 1 i+ I+
= ‘ Ry (™) ‘ o+ ||

» The linerization error is computed directly, we define

™

nliin,Q - UHH]_,U;'

1)”‘ we introduce 7). o, following the
—1,uf o

HI

analysis on robust estimates of singularly perturbed reaction
-diffusion problems in [Verfirth (1998)], [Ainsworth & Vejchodsky

(2011, 2014)], [Smears & Vohralik (2020)]
fwo



2 A posteriori error estimates 8

Theorem 2 Reliable, efficient, and robust a posteriori estimates

Global reliability

IR, e < PP = > [l l? + i ).
KeTe
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2 A posteriori error estimates 8

Theorem 2 Reliable, efficient, and robust a posteriori estimates

Global reliability

IR, e < PP = > [l l? + i ).
) KeT,
Global efficiency

[77;;]2 N ’HR H‘ Ll (data oscillation terms).
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2 A posteriori error estimates

Theorem 2 Reliable, efficient, and robust a posteriori estimates

Global reliability

IR, e < PP = > [l l? + i ).
) KeTe
Global efficiency

[77:7]2 N ’HR H‘ Ll (data oscillation terms).

Local efficiency

For w C €, there exists a neighbourhood ¥, C Q such that

L2 < || R(ui) H] g, T [iin.5 1% + (data oscillation terms).
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3 Outline o

© Scope of the results
Gradient-dependent diffusivity
Gradient-independent diffusivity
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3 Class of problems 9

Class 1: gradient-dependent diffusivity problems
For all ¢ € H}(Q), R : H}(Q) — H1(Q) is defined as

(R(u), ) := (F(x,u), ) = (o(x,Vu), Vi)

fwo



3 Class of problems

Class 1: gradient-dependent diffusivity problems
For all ¢ € H}(Q), R : H}(Q) — H1(Q) is defined as

(R(u), ) := (F(x,u), ) = (o(x,Vu), Vi)

Assumption 1 is satisfied if f(x,-), o(x,+) are monotone and Lipschitz

(o(x,y) —a(x,2))-(y —2) > Anly —2z]> forxcQandy, zcRY,
lo(x,y) —o(x,2)] < Aily —z| forx€Qandy, zec R?

with
dist(u, v) = [|V(u — v)|
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3 Class of problems

Class 1: gradient-dependent diffusivity problems
For all ¢ € H}(Q), R : H}(Q) — H1(Q) is defined as

(R(u), ) := (F(x,u), ) = (o(x,Vu), Vi)
Assumption 1 is satisfied if f(x,-), o(x,+) are monotone and Lipschitz
(o(x,y) —a(x,2))-(y —2) > Anly —2z]> forxcQandy, zcRY,
lo(x,y) —o(x,2)] < Aily —z| forx€Qandy, zec R?

with
dist(u, v) = [[V(u = v)|

Example (Mean curvature flow) For a(-) satisfying ellipticity condition
and b(:) > 0: o(x,y) = a(x) + —2

1
(L+[y?)2

fwo



3 Linearization schemes: practical examples

Linearization operator

Considering the linearization operator
Lups v, w) = (L(x, up) v, w) + (a(x, up) Vv, Vw),

the coefficient functions for commonly used linearization schemes are

Scheme L(x,v) a(x,v)/T

Kacanov (fixed point)  0¢f(x, v) A(x, |Vv])
0 A (constant) > 0

Zarantonello

fwo



3 Class of problems |11

Class 2: gradient-independent diffusivity problems
For all ¢ € H}(Q), R : H}(Q) — H1(Q) is defined as

(R(u), ) := (f(x, u), ¢) = T(K(x)(D(x, u)Vu + q(x, 1)), Vip)
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3 Class of problems |11

Class 2: gradient-independent diffusivity problems
For all ¢ € H}(Q), R : H}(Q) — H1(Q) is defined as

(R(u), ) := (f(x, u), ¢) = T(K(x)(D(x, u)Vu + q(x, 1)), Vip)

Assumption 1 is satisfied if 7 > 0 is small and
» D:Q xR — R" is bounded and Lipschitz
> K:Q — R js symmetric positive definite
» f:Q xR — R is monotone and Lipschitz upto the boundary
» g:Q xR — RYis bounded and satisfies a Lipschitz condition*

with

fwo



3 Class of problems |11

Class 2: gradient-independent diffusivity problems
For all ¢ € H}(Q), R : H}(Q) — H1(Q) is defined as

(R(u), ) := (f(x, u), ¢) = T(K(x)(D(x, u)Vu + q(x, 1)), Vip)

Semilinear equations —Au = f(x, u)

Such equations pop up in quantum mechanics (special solutions
to nonlinear Klein—Gordon equations), gravitation influences on stars,
membrane buckling problems...

Time-discrete nonlinear advection-reaction-diffusion equations

with time-step 7 > 0, the following evolutions equations reduce to this case
poro-Fischer equations:  d;u = Au™ + Au (1l — u)

the Richards equation:  9;S(u) = V - [K(x)x(S(v))(Vu + g)] + f(x, u)
biofilm equations: Ot = AP (uk) + fie((ur)p_y)

fwo



3 Linearization schemes: practical examples |12

Abstract linearization

Considering the linearization operator
L(ub; v, w) == (L(x, u)) v, w) + (a(x, u)) Vv, Vw),

the coefficient functions for commonly used linearization schemes are

Scheme L(x,v) a(x,v)/T

Picard (fixed point) Ocf(x,v) K(x) D(x, v)
Jager-Kacur max¢cr (W) K(x) D(x, v)
L-scheme L (constant) > Isupdcf  K(x)D(x,v)
M-scheme D¢ f(x,v) + Mt (constant)  K(x)D(x, v)
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3 Linearization schemes: practical examples |12

Abstract linearization

Considering the linearization operator
L(upi v, w) = (L(x, uy) v, w) + (a(x, up) Vv, Vw),

the coefficient functions for commonly used linearization schemes are

Scheme L(x,v) a(x,v)/T

Picard (fixed point) Ocf(x,v) K(x) D(x, v)
Jager-Kacur max¢cr (W) K(x) D(x, v)
L-scheme L (constant) > Isupdcf  K(x)D(x,v)
M-scheme D¢ f(x,v) + Mt (constant)  K(x)D(x, v)

» Newton scheme leads to a non-symmetric £ and is treated separately

fwo



4 Qutline

® Numerical results
Gradient-independent diffusivity
Gradient independent diffusivity case
The Newton scheme
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4 Adaptive linearization & effectivity of estimates |13
Effectivity indices
Global effectivity index: Eff. Ind. := 77;;/|HR(U2)H|_1 ¥
. . T
Local effectivity index: (Eff. Ind.)x :=nic/||R(ui)||_, , « K e T,
e

fwo



4 Gradient-independent diffusivity case: the Richards equation |14

IsoValue

For Q = (0,1) x (0,1) we study
(R(ue), ) = (S(1) = S(ue), )
~7(Kr(S(u)[Vue — g], V)

where the van Genuchten
parametrization for S, k is used:

N No Flux
S©=(1+@-97) ",
K(s) = \/5(1—(1—s%)k)2,

with A = 0.5, u? =0,

- [1 02 1
K{o.z 1]’ a”dg<o)

- ShinNon

-1
-0
-0
-0
-0
-0
m0
w0
0.
1

fwo



4 Robustness with respect to Ayj/Am represented by 1/7 | 14

2.5

M-scheme

""" ' |0g10(1/7')\

£

1 2 3

1 2

3

fwo



Global effectivity |15

2 Picard 7 =1.0 2 M-Scheme 7 = 1.0 B L-Scheme 7 = 1.0
< |[+£=1] < =1 .
Z |ler =2 S|l =2 g
& 20l =4 & g ff-e-l =4 t
= o = P =

4 10 20 j 30 0 10 20 i 30
5 Picard 7 = 0.01 5 M-Scheme 7 = 0.01 L-Scheme 7 = 0.01
= RN S S - R ———— 0090000000000
El ; El ; A r
. . el
o, S N o, 2 T a0eeee0E008G8050 |
& & = i
1.5 -l =1 1.5 15
ol =2
o-f =4
1 1 1 =
0 2 4 & 8 10,12 0 2 4 6 8 10512 0 10 20 i 30
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4 Distribution of error vs. estimates

Error MS 1=2,T=1,i=9 Isovaue
m-4.09

i = =1,i= IsoValue
i MS 1 2..t 1,i=9 falue

Y

Error Estimate

i MS 1=2,:t‘=0.01,i=5 |sw5\f-a:lsus

|16
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4 Local effectivity |16

IsoValue i IsoValue
mo i m0.72

MS 1=1,T1=0.01,i=5 IsoValue
p w14



Error with linearization iterations |17

Picard =1, (=2 o M-Schemer =1, (=2 o L-Scheme 7 =1,¢=2
z 2
11 T T S eerserreissrasses 3 TN RSN
:; -4 :'; -4 2 -4 \\.
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Error with linearization iterations

|17
o Picardr =1, (=2 o M-Schemer =1, (=2 o L-Scheme 7 =1,¢=2
% 2 =
| 8 5
3 JE NIy rre TR = FTTTTTTTTT TTTTTTYeY 2 oy
£ -2 .. R 22
Ch e Bl Bl
8 " B P .
Z-9 ; - E°° ; C ; .
A =R -1 .~ g || IR) -1, g | IR -1
g . ol el
- -, -
-1 1 -1
0 10 20 /l 30 0 10 20 Z 30 0 10 20 Z 30
o Pjcard 7 =0.01, £ =2 o~ M-Scheme 7 = 0.01, £ = 2 L-Scheme 7 =0.01. £ =2
k< 3
EN 2 EN 2 e g
£ o el
=} = & e
a7 El 37 e,
4 2 @ ; tee.
S -q ; \ g - 6 . S -6 ; :
& | IREN -1, . g | IR -1, & || IR -1,
-8 TMlin g \ -8 i -8 Mg
i i i
Ty Ty My
-1 - -1 - -1 -
0 2 4 6 8 ; 10 0 2 4 6 8 ;10 0 10 20 4 3

Adaptive iteration stopping criteria:

Ming < 0.05[ng].




4 Gradient independent diffusivity case |18
We consider in €2 the equation
eu—V-[A(|Vu])Vu] = f

where

Yy

Aly) =2+ TR

e = 1072, and a singular f €
H=1(Q) is chosen such that the
solution becomes

Uexaet = I'7 COS (30) .

fwo



Global effectivity and distribution of error |19
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4 Local effectivity |20
i Kacanov 1=1,i=2 '.30(‘)’%'6 Kacanov 1=2,i=2 'BIQBE.%B
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Error with linearization iterations

Kacanov £ =1

Kacanov { = 2

Kacanov £ =4

|21
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4 The Newton scheme |22

For the Newton scheme, the linearization operator
L(up; v, w) = (L(x, up) v, w) + (a(x, u) Vv, Vw) + (w(x, uj)v, Vw),

is non-symmetric.

fwo



4 The Newton scheme |22

For the Newton scheme, the linearization operator
L(up; v, w) = (L(x, up) v, w) + (a(x, u) Vv, Vw) + (w(x, uj)v, Vw),
is non-symmetric. However, if for some Cy € [0,2) we have

w(x, u)) a= (x, u)) w(x, u)) < Ca L(x,u}), ¥VxeQ, andi€N,
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4 The Newton scheme |22

For the Newton scheme, the linearization operator
&(uf; v, w) = (L(x, u}) v, w) + (a(x, u)) Vv, Vw) + (w(x, u}))v, Vw),
is non-symmetric. However, if for some Cy € [0,2) we have
w(x, u)) a= (x, u)) w(x, u)) < Ca L(x,u}), ¥VxeQ, andi€N,

then,

Gl [[RAGED|", + = ] < IREIE,

lin
i ! 112
< ()[R, + ™ - il

with G (Cp), Cu(Cy) — 1if Cy N\, 0. fwo



The Newton scheme: numerical results

For gradient independent diffusivity case, we have

Newton 7 = 1.0

7

Local Effectivity

Global Effectivity

Errors & Estimators

Errors & Estimators

|23
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5 Outline

@® Nonlinear parabolic problems
Nonlinear advection-reaction-diffusion equation
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5 Nonlinear advection-reaction-diffusion equation |24

Richards equation: modelling flow of water through soil

3:S(p) = V - [Kr(S(p))(Vp + &) + F(S(p), x, 1)

p is pressure, s := S(p) is saturation
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5 Nonlinear advection-reaction-diffusion equation |24

Richards equation: modelling flow of water through soil

3:S(p) = V - [Kr(S(p))(Vp + &) + F(S(p), x, 1)
p is pressure, s := S(p) is saturation

» Obtained from combining mass balance

s+ V.o ="1(sx,t),
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5 Nonlinear advection-reaction-diffusion equation |24

Richards equation: modelling flow of water through soil

3:S(p) = V - [Kr(S(p))(Vp + &) + F(S(p), x, 1)
p is pressure, s := S(p) is saturation

» Obtained from combining mass balance

s+ V.o ="1(sx,t),

» the Darcy Law _
o =—Kk(s)(Vp+ g),

fwo



5 Nonlinear advection-reaction-diffusion equation |25

Richards equation: modelling flow of water through soil
0:S(p) = V - [Kr(S(p))(Vp + )] + (S(p), x, t)

Function properties
» S € Lip(R) is increasing in (—o0, pm), S(—o0) =0 and
S'(p) =0, S(p) =1 for all p > pu.
> x € C([0,1]) is increasing with x(0) > 0 and x(1) = 1.

2 8 B

Saturation S(p)

S

Relative permeability #(s)

-
< PM

0 02 04 06 08 1
Saturation s

fwo

0
Pressure p



5 Nonlinear advection-reaction-diffusion equation |25

Richards equation: modelling flow of water through soil
0:S(p) = V - [Kr(S(p))(Vp + )] + (S(p), x, t)

Function properties
» S € Lip(R) is increasing in (—o0, pr), S(—o0) =0 and
S'(p) =0, S(p) =1 for all p > pu.
» x € CY(]0,1]) is increasing with x(0) > 0 and x(1) = 1.

> K:Q— R js piece-wise constant in Q, bounded, symmetric
positive definite, and satisfies the ellipticity condition,

Km|¢]? < ¢TKC < Kul¢]?, V¢ € RY/{0}.
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5 Nonlinear advection-reaction-diffusion equation |25

Richards equation: modelling flow of water through soil
0:S(p) = V - [Kr(S(p))(Vp + )] + (S(p), x, t)

Function properties
» S € Lip(R) is increasing in (—o0, pr), S(—o0) =0 and
S'(p) =0, S(p) =1 for all p > pu.
» x € CY(]0,1]) is increasing with x(0) > 0 and x(1) = 1.

> K:Q— R js piece-wise constant in Q, bounded, symmetric
positive definite, and satisfies the ellipticity condition,

Km|¢]? < ¢TKC < Kul¢]?, V¢ € RY/{0}.
> f e CH[0,1] x 2 x R).

fwo



5 Nonlinear advection-reaction-diffusion equation |26

Richards Equation: modelling flow of water through soil
0:S(p) = V - [Kr(S(p))(Vp + )] + (S(p), x, t)

Main Challenges

1 Nonlinearity [/
2 Degeneracy [
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5 Nonlinear advection-reaction-diffusion equation

Richards Equation: modelling flow of water through soil

3:S(p) = V - [Kr(S(p))(Vp + &) + F(S(p), x, 1)
Main Challenges
1 Nonlinearity

2 Degeneracy [

>

Parabolic—Hyperbolic: at s = 0 if x(0) =0

1
diffusion equation

Ots = f or Oys + V - F(s) = f for multiphase problems
linear advection-

Degenerate problems
0.8
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5 Nonlinear advection-reaction-diffusion equation |26

Richards Equation: modelling flow of water through soil
0:S(p) = V - [Kr(S(p))(Vp + )] + (S(p), x, t)

Main Challenges

1 Nonlinearity [/
2 Degeneracy [

> Parabolic-Hyperbolic: at s = 0 if x(0) =0
Ots = f or Oys + V - F(s) = f for multiphase problems

> Parabolic-Elliptic: at s = 1 since S'(p) = 0 for p > pu
V- [Kr(1)(Vp + &)l + f(1,x,t) =0
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5 Nonlinear advection-reaction-diffusion equation |26

Richards Equation: modelling flow of water through soil
0:S(p) = V - [Kr(S(p))(Vp + )] + (S(p), x, t)

Main Challenges

1 Nonlinearity [/
2 Degeneracy [

> Parabolic-Hyperbolic: at s = 0 if x(0) =0
Ots = f or Oys + V - F(s) = f for multiphase problems

> Parabolic-Elliptic: at s = 1 since S'(p) = 0 for p > pu
V- [Kr(1)(Vp + &)l + f(1,x,t) =0

3 Solutions lack regularity /"
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5 Nonlinear advection-reaction-diffusion equation |26

Richards Equation: modelling flow of water through soil
0:S(p) = V - [Kr(S(p))(Vp + )] + (S(p), x, t)

Main Challenges

1 Nonlinearity [/
2 Degeneracy [

> Parabolic-Hyperbolic: at s =0 if x(0) =0
Ots = f or Oys + V - F(s) = f for multiphase problems

> Parabolic-Elliptic: at s = 1 since S'(p) =0 for p > pu
V- [Ks(1)(Vp +g)] + f(1,x,t) =0

3 Solutions lack regularity /"

Literature: /| [Dolejsi et al (2013)][Bernardi et al (2014)][Cances et al
(2014)] [Verfiirth (2004)]; (L [Di Pietro et al (2015)]; /"3 [Ohlberger

(2001)]
fwo



5 Alternative formulations |27

Pressure formulation

3:S(p) = V - [Kx(S(p))(Vp + &) + F(S(p), x, 1)

fwo



5 Alternative formulations |27

Pressure formulation
9:S(p) = V - [Kr(S(p))(Vp + )] + F(S(p), X, t)
The Kirchhoff transform and some definitions

ko) = [ " h(S(0)de,  =SoK]
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Alternative formulations |27

Pressure formulation
3:S(p) = V - [Kr(S(p))(Vp + &)l + F(S(p), x, )

The Kirchhoff transform and some definitions

ko) = [ " h(S(0)de,  =SoK]

14
1
12 <
< o
E 1 3
g g
% 08 =
7
= E
= 06 g .05
g i
04
2 [Pu g
< 02 2
Z |p 3 |
< o 5 P, Py |
M :
0z 4 3 2 1 0 1 2 0 0
Pressure p Total pressure ¥

fwo



5 Alternative formulations |27

Pressure formulation

9:S(p) = V - [Kr(S(p))(Vp + )] + F(S(p), X, t)
The Kirchhoff transform and some definitions
P
K(p) = [ (S(e)de,  o=SoK?
0

Total pressure formulation

For W = K(p),
2H(V) = V- [K(VV + K(0(V))g)] + F(B(V), x, )

fwo



5 Well-posedness

Weak total pressure formulation
For the initial condition sy bounded in (0,1] a.e., find W € L3(0, T; H3(2)),
s=0(V) € HY(0, T; H~1(Q)), s(0) = sp satisying ¥V € L2(0, T; H}(Q)),

(015, 6) + (KT + w()g], V)] = [(F(s. . 1), )

fwo



5 Well-posedness

Weak total pressure formulation

For the initial condition sy bounded in (0,1] a.e., find W € L3(0, T; H3(2)),
s=0(V) € HY(0, T; H~1(Q)), s(0) = sp satisying ¥V € L2(0, T; H}(Q)),

(015, 6) + (KIVV + w()g], V)] = [(F(s. . 1), )

o— q

Theorem [Alt & Luckhaus (1983)][Otto (1991)]

There exists a unique weak solution VW for the total pressure formulations.

fwo



5 Maximum principle |29

To avoid the parabolic-hyperbolic degeneracy we need s > S, > 0

fwo



5 Maximum principle
To avoid the parabolic-hyperbolic degeneracy we need s > S, > 0
Proposition

If so is bounded in [¢, 1] for some ¢ > 0, then there exists saturation
lower-bound function Sy, : [0, T| — (0, 1] such that for almost all
(x,t) e Q2 x [0, T],

s(x,t) = S(p(x,t)) > Su(t) > 0.
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5 Maximum principle
To avoid the parabolic-hyperbolic degeneracy we need s > S, > 0

Proposition

If so is bounded in [¢, 1] for some ¢ > 0, then there exists saturation
lower-bound function Sy, : [0, T| — (0, 1] such that for almost all
(x,t) e Q2 x [0, T],

s(x,t) = S(p(x,t)) > Su(t) > 0.

Computing S,

For example, under minor restrictions

Su(t) = mints00} + [ min_ {F(Su(e). x )b do

is a saturation lower-bound function.

fwo



|30

5 Residual

Residual
s HY(Q)), shr = 0(Vy,) € HY(0, T; H71(2)) the residual

T H
T;H=Y(Q)) is
T

/

0

fwo



5 Norms
The H‘E(tl norm
For w C €, the following equivalent norms of Hﬂ(w) are defined

=L
HQHH};(w) = K2Vl 12(w),
(o, <P>H—1(w),Hg(w),

lolly=1(y == sup
He () peHY(w) ||90||H|1((w)
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5 Norms
The H‘E(tl norm
For w C €, the following equivalent norms of Hﬂ(w) are defined

=L
HQHH};(UJ) = K2Vl 12(w),
(o, <P>H—1(w),Hg(w),

lolly=1(y == sup
He () peHY(w) ||90||H|1((w)

The equivalent norm of L2([0, T])
For a: RT — [0,0), a time-smoothened equivalent of L?([0, T])-norm is

1

Talo) = lexp (—O/Ta) /OT (Qz(t)—l-oz(t)exp ({Ta) /Ot 92) dtr

fwo



5 Error measure |32

» The error measure HR(\UhT)HB(O,T;HI_;l(Q)) might again be too weak

fwo



5 Error measure |32

» The error measure HR(\IJ;,T)HB(O’T;H;(Q)) might again be too weak

The error metric
For w C Q, interval / C [0, T], and a: R — [0, 00), we choose

disty; (W1, W2) := W1 = Walli2( 11 (w))
+ [|a(O(V1) — O(W2)) | 2wy
+110:(0(V1) = 0(W2))ll 21,411 -

*In the linear case, o = 0

fwo



5 Lower bound on error by residual |33

Theorem 3 (a)
For a time-interval / € [0, T], w C Q, and arbitrary W}, € L2(0, T; H}(Q2))
with (V) € H1(0, T; H1(Q)) we have

HR(\UhT)”L?(I;H‘_;l(w)) = disti,(\ll, Whr).

fwo



5 Lower bound on error by residual |33
Theorem 3 (a)
For a time-interval / € [0, T], w C Q, and arbitrary W}, € L2(0, T; H}(Q2))
with (V) € H1(0, T; H1(Q)) we have
1ROV 211 ) < st ) (Vs War)-

proof: Use triangle inequality for the norm || - [| 2.1,
K

fwo



5 Upper bound on error by residual |34

Additional quantities
» For Cpo(t) == ||R%VS,,T(t)||%m(Q)7 assume that fOT Cro(t)dt < oo.

fwo



5 Upper bound on error by residual |34

Additional quantities
> For Cpo(t) := ||R%Vsh7(t)||%oo(ﬂ), assume that fOT Ceo(t)dt < oo.

» Parabolic—hyperbolic degeneracy
Assume that s(t) > S,,(t) > 0 a.e. in Q for t > 0.
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5 Upper bound on error by residual |34

Additional quantities
> For Cpo(t) := ||R%Vs;,7(t)||%oo(9)7 assume that fOT Ceo(t)dt < oo.

» Parabolic—hyperbolic degeneracy
Assume that s(t) > S,,(t) > 0 a.e. in Q for t > 0.

» Parabolic—elliptic degeneracy
For Qd¢¢ D {s = 1} U {sp, = 1} we define

7/(“‘%(” =/ ﬁ {”[\Uhf(t) - 'DM]+||%-11 + I[F(1, x, t)]+||H L(Qdes(t))

2

l =
+[I(K 2_|Q§eg(t)| f K)gHQdeg(t))2

Nl

fwo



5 Global reliability 35

Theorem 3 (b)
Estimate in the [?*(Q x [0, T]) norm:

Ty (A1 |Is — shr )2
<|lso — shf(0)||f4l_(_1(m I j¢1(5\1HR(WhT)||H;(Q))2»
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5 Global reliability 35

Theorem 3 (b)
Estimate in the [?*(Q x [0, T]) norm:
Ty (A1 |Is — shr )2

<|lso — shT(O)Hi__l(Q) I j¢1(5\1HR(WM)”H;(Q))Z»
K

Estimate in the [%(0, T; H(Q)) norm:
1762V = Vir ln@)?

)2 < 2
< [Iso = sar(0)]1* + Te, (1°%)" + 4 T, (AZHR(WhT)HHR*I(Q)> ~
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5 Global reliability 35

Theorem 3 (b)
Estimate in the [?*(Q x [0, T]) norm:
Je, (A1 Is — sur )2

<|lso — shf(0)||f4__1(m I j¢1(5\1HR(WhT)||H|{1(Q))2»
K

Estimate in the [%(0, T; H(Q)) norm:
1762V = Vir ln@)?

)2 < 2
< [Iso = sar(0)]1* + Te, (1°%)" + 4 T, (AZHR(\UhT)HHR*I(Q)> ~

*Similar expression holds for the ||0:(0(W1) — H(Wg))HLZ(/_Hq(Q)) error component
g
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5 Global reliability 35

Theorem 3 (b)
Estimate in the [?*(Q x [0, T]) norm:
Je, (A1 Is — sur )2

<|lso — shf(0)||f4__1(m I j¢1(5\1HR(WhT)||H|{1(Q))2»
K

Estimate in the [%(0, T; H(Q)) norm:
1762V = Vir ln@)?

)2 < 2
< [Iso = sar(0)]1* + Te, (1°%)" + 4 T, (AZHR(\UhT)HHR*I(Q)> ~

*Similar expression holds for the ||0:(0(W1) — H(Wg))HLZ(/_Hq(Q)) error component
g

**|n the linear case ¢; = ¢, =0

fwo



5 Finite element solution 36

» Let {tp :=0,11,..., ty = T} be the time-discretization, with

Tpi=t, — ty_1, and |, == (t,_1, t,]
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5 Finite element solution 36
> Let {tp :=0.t,..., ty := T} be the time-discretization, with

Tpi=t, — ty_1, and |, == (t,_1, t,]
» Let {7,}, be a sequence of triangulations and {V,, ,}', the

corresponding finite element spaces
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5 Finite element solution 36

» Let {tp :=0,11,..., ty = T} be the time-discretization, with
Tpi=t, — ty_1, and |, == (t,_1, t,]

» Let {7,}, be a sequence of triangulations and {V,, ,}', the
corresponding finite element spaces

> Let {p,» < V., be the sequence of finite elements solutions for
backward Euler time discretization of the pressure formulation, i.e.,

(Z(S(on1) = S(pr 1)), Vion) + (RE(S(p0 DIV s + s 01)

= (f(S(,D,,_h),X, tn)7 @h)a V<Ph S Vn.h~
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5 Finite element solution

>

>

Let {to :==0,t1,..., ty = T} be the time-discretization, with
Tpi=t, — ty_1, and |, == (t,_1, t,]

Let {7,}V_, be a sequence of triangulations and {V/,, ,}V_, the
corresponding finite element spaces

Let {p,» € V., | be the sequence of finite elements solutions for
backward Euler time discretization of the pressure formulation, i.e.,

(Z(S(on1) = S(pr 1)), Vion) + (RE(S(p0 DIV s + s 01)

= (f(s(p"h)7 X, tn)7 @h)a V<Ph S Vn.h~
Define the time-discrete total pressure and saturation as

\Unﬁ = K:(pnAh) and Sn,h = 5(pn.h) - 0(W17.l7)~

fwo



5 Finite element solution |37

» Define the time-discrete total pressure and saturation as

\Un.h = K(pnh) and Sn,h = S(pnh) - H(th)

fwo



5 Finite element solution |37

» Define the time-discrete total pressure and saturation as
\Un.h = ’C(pnAh) and Sn,h = 5(pn.h) - H(Wn.l7)~

> Let U, € C(0, T; HY(Q)) with s, € W1e(0, T; L2(Q)) be their
time-continuous interpolations, i.e., they satisfy

\UhT(tn) = wn.hy Sh'r(tn) = Sn.h-
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5 Finite element solution |37

» Define the time-discrete total pressure and saturation as
\Un.h = ’C(pnAh) and Sn,h = 5(pn.h) - H(Wn.l7)~

> Let U, € C(0, T; HY(Q)) with s, € W1e(0, T; L2(Q)) be their
time-continuous interpolations, i.e., they satisfy

\UhT(tn) = wn.hy Sh'r(tn) = Sn.h-
» We introduce the a posteriori estimator 7, : [0, T| — [0, c0),

IR ()@ < (0), Ve[, T]

fwo



5 Global reliability |38

Theorem 4 (a)
Estimate in the [?*(Q x [0, T]) norm:

[E2]? == Te, (A1 |l — she|])?

< 150 = Shr ()21 + Jes (a2 =: sl
K
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5 Global reliability |38

Theorem 4 (a)
Estimate in the [?*(Q x [0, T]) norm:
[E2]? := Ty (A1 IIs — shr [1)?

< 150 = Shr ()21 + Jes (a2 =: sl
K

Estimate in the [%(0, T; H(Q)) norm:
[Em]? = 3 Te, (Xl — Vil @)?

o\ 2 S 2
< llso — sar(O)12 + T, (19°%)° + 4 T, (M2my)” =: [nen]?

fwo



5 Local space-time efficiency 39

Theorem 4 (Local lower bounds)

Forne {1,...,N}, w C Q and some ¥, C Q such that w C Q,
f[ [770-1]2 + ”WhT - anhH%_I_l(w)
" K

5 dist%wln(w7 th)z + ( Data oscillation, quadrature, & ) )

temporal discretization estimator
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5 Local space-time efficiency 39

Theorem 4 (Local lower bounds)

Forne {1,...,N}, w C Q and some ¥, C Q such that w C Q,
f[ [r7<u]2 + HWhT - wnAhHi/_l(w)
" K

. 2 Data oscillation, quadrature, &
Sdlbt%w_’/n(\lﬂw;n.) +( illation, quadratu )

temporal discretization estimator

Similar estimate holds for the estimator

sl = [ (] + 19 = Vsl

n

and the global-in-space error distg, | (W, V).

fwo



5 Numerical results: non-degenerate case | 40

Solution
pexact(xv% t) =2- e16(1+t2)xy(1_x)(1_)/) in (07 1)2 ‘
k(s) = s3, S(p) = ﬁ (Brooks-Corey type) :

- :

K =1, g =—e., f((x,y),t) set accordingly

I
=3

P

fwo



5 Reliability (upper bound) estimates |41
Effectivity

Effectivity index := upper bound/error
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5 Reliability (upper bound) estimates |41
Effectivity
Effectivity index := upper bound/error = ;2 /&>
16210° 4
(=1
q 14 =1 a3 =l =2
: ~
512 =2 QN 3 —L=4
= L o—4] 2
g 1 o 2
% =
M 0.8#L &; ZK
€3l
0.6 15
0 02 0.4 0.6 08 t1 0 02 04 0.6 08 ¢t 1
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5 Reliability (upper bound) estimates |41

Effectivity
Effectivity index := upper bound/error = ny /En
05 3
{=1 -
—~ 04 _ =28
& [[f=2 J
s 03 _._E 4 §2.G
8 £
CS .
é 0.2 Fg 24 f — 1
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5 Global efficiency (lower bound)
Effectivity

Effectivity index := error/lower bound = distg , (W, Wy, )/nfg,
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5 Local efficiency |41
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5 Numerical results: degenerate case | 42

Solution
exact X Y, t 12(1 + t2)Xy(1 - X)(l - )

exp v-1) ifv<i e
W > 1 ‘

]
Y @

Degenerate domains
= —e A
X T t=0.7

-
~—

(x,y, t) set accordingly
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5 Reliability estimates
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5 Efficiency

|43
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Numerical results: realistic case | 44

' No Flux

fwo



Numerical results: realistic case | 44

' No Flux
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5 Local efficiency |45

IsoValue
m0.150
m0.408

Estimate Ioglo([nih,K]) Effectivity index
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5 Nonlinear parabolic problems | 46

K. Mitra, & M. Vohralik. A posteriori error estimates for the Richards
equation. arXiv preprint arXiv:2108.12507
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5 Thank you for your time |47
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